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APPLIED ELECTROMAGNETICS

THEORIE

Direct and Related Far-Field Inverse
Scattering Problems for Spherical
Electromagnetic Waves in Chiral Media

N.M. Berketis *

Independent Researcher, Athens, Greece

Abstract

This paper studies the

direct and inverse scattering

problem when the incident electromagnetic field is a time
harmonic point - generated wave in a chiral media and the

scatterer 1is a perfectly

conducting

sphere. The exact

Green’s function and the electric far-field patterns of the
scattering problem are constructed. For a small sphere, a
closed-form approximation of the scattered wave field at the
source of the incident spherical wave 1is obtained. Also
treats the same inverse problem using far-field results via
the leading order term in the low-frequency asymptotic ex-
pansion of the scattering cross-section.

Introduction

In a homogeneous isotropic
chiral media the electromag-
netic fields are composed of
left - circularly polarized
(LCP) and right - circularly
polarized (RCP) components,
which have different wave
numbers and independent di-
rections of propagation.

The LCP and RCP components
are assumed to be spherical
Beltrami fields since 1in
practice such wave fields are
more readily realized.

In this work, the author
has studied the electromag-
netic waves in chiral media
produced by a point source in
the wvicinity of the scat-

MONDAY 18 NOVEMBER 2013 v2—7

terer. In particular, in [1],
[2], reciprocity, optical and
general scattering theorems
for stimulation of point-
source asymmetric media have
been demonstrated. This paper
studies the inverse problem
of far field [2]. Specifi-
cally, we measure the scat-
tering cross-section for a
five-point source area.

In the second Section,
considering Bohren decomposi-
tion into suitable Beltrami
fields, we formulate the di-
rect scattering problem of a
spherical electromagnetic wa-
ve by a perfectly conducting
obstacle. This problem 1is
well posed, the existence and

FUNKTECHNIKPLUS # JOURNAL

uniqueness has been proved in
(11, [3].

In the third Section, af-
ter expanding the incident
field in terms of spherical
wave functions, we obtain the
exact solution of the scat-
tering problem as well as an
expansion for the electric
far-field pattern [2].

Finally in the fourth Sec-
tion, we consider either LCP
or RCP incidence and we ob-
tain an approximation of the
scattering cross-section. For
the far-field experiments, we
measure the scattering cross-
section for various point
source locations [2].

Statement of the problem

Our goal is to study the
direct and inverse scattering
problems when the incident
electromagnetic field 1is a
time harmonic point - gener-
ated wave in a chiral medium
and the scatterer is a per-
fectly conducting sphere of
radius a centered at the
origin. The exterior space
(r=Ir|>a) is an infinite ho-
mogeneous isotropic chiral
medium with chirality measure
B, electric permittivity e
and magnetic permeability p.

We consider a time har-
monic spherical electromag-
netic wave due to a point
source at PR, with position

FUNKTECHNIKPLUS # JOURNAL v2-8
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vector r, with respect to an
origin O in the vicinity of
the scatterer. In order to
define spherical electromag-

netic fields E. , H_, we make
use of the Bohren decomposi-
tion into Beltrami fields
Q, and Q.. , as follows

Er0 = QL,rB + QR,rB
(1)

1
IllrB = l_r] (QL,I'O - QR,rB)
Where n=(u/g)”®> is the in-
trinsic impedance of the

chiral medium. The Beltrami
fields satisfy the equations

(4], [5],
VXQL,rO = VLQL,rB

(2)
\% ><QR,r‘0 = _yRQL,rE,

where y,andy, are wave num-
bers given by,

k k

m,h:m (3)

Y. =

1/2

with k=w(en)’, w being the
angular frequency. The indi-
ces L and R denote the LCP
and RCP fields respectively.
The spherical incident Bel-
trami fields with suitable
normalization have the form

[11, [2],

ISSUE 2 — YEAR 1
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1

inc -~ 1 = 1 T
QL(rlp)= > T+ FVV + v, VxI)(

L L
2mr,e e

L

1 1 1
2

inc - 1 - T
Q. (r[pe) =5 (T +—=5VV-— VxI)(
Y Y

R R
2mr,e e

R

where hy(x)=hy(x)=e"/(ix) 1is
the zeroth-order spherical
Hankel function of  first
kind, I=xx+(y+2z is the
identity dyadic, r,=|r| and
G, (r,r,) 1is the free space

dyadic Green function [4].
The constant unit vectors

p, and p, satisfy the rela-
tions

fox P, =1p, (6)

We note that when r,— o, the
incident electric field

[v.G. (r, ¥y) + VxGp (r, 1) 1- P,

[VRéfs (T, Te) - VXéfs (rr re)] . ﬁR

h@ (yL |r B r0|)) X ﬁ —
hy (v.1%) ' (4)
h@(yR|r_r0|))ﬁ —
hy (Vero) f (5)
reduces to plane electric

wave with direction of propa-

gation -r, and polarizations

P., Pr, since

lim QZ,T; (r | lsL) = eiinyelrﬁL =

o inc s A (8)
=Q; (r; —Tor pL)

LimQyy (r |Be) = e ", =

° (9)

= Q;l;;nc (r; _FG)I ﬁR)

We consider E; is incident

upon a perfectly conducting
sphere of radius a. Then, we
want to calculate the scat-

tered electric field E,
which is the unique solution

of the following exterior
EX°(r|p,, Pr) = boundary value problem
o
_ R . R (7)
= Qf,nri (rip)+ Q;?:G (r1pg)
MONDAY 18 NOVEMBER 2013 v2-9 FUNKTECHNIKPLUS # JOURNAL
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VxVXES (r) — 2y’BVXE‘ (r) - y’E;°(r) =0, r >a (10)

NxE?° (r) = - AxE"(r), r=a

(11)

The Silver-Miller radiation condition is modified as follows

iy?

rxVxE; (r) - By*FxE> (r) +

uniformly in all directions
resS?, where S* is the unit
sphere in R®, A is the out-
ward normal wunit vector on
the scatterer and y’=y,y,.

The scattered electric field
will be depended on the po-

larizations p,, p, and will
have the decomposition

Eiec (r| f’u f’R) = Qf::ro (r ﬁu ﬁR)
o (13)
+ Qzr, (P[P, Pr)

where Q. (r|p,, B,) and

Q. (rip,p;) are the corre-

sponding scattered Beltrami
fields which have the follow-

ing behavior, when r - «

fora (r| Isu ﬁR) =hy (y.r)-

EX ()=o), row (12)

The functions g,, and g,
are the LCP and RCP far-field

patterns respectively [4],
[6].

If either a LCP or a RCP
spherical electric wave

E,°(r|p,), A=LR, is inci-
dent upon the scatterer, then

the scattering cross-section,
is given by [6],

ot | [yi 9., F 15 +

2
L

- Vi 9., (F 1B Tds() (16)

Exact Green’s function

We take spherical coordi-
nates (r,0,9) where 6 <][0,n]
and @ e[0,2n), with the ori-

gin at the center of the
spherical scatterer, so that

o (14) . )
.ghm(rlpL’pR)+_0(j?) the point source is at
r r=r, 6=0.
Q% (r | B, Be) = hy (var)- Thus, r,=r,2 , p, = % (% - i)
. 4 (15) 2
'gR,re(r | P, pR) + O(F) and ﬁR — i ()’i + ltp) , where )’i, (I)
J2
and Zz are unit vectors in
FUNKTECHNIKPLUS # JOURNAL v2-10 ISSUE 2 — YEAR 1
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the x,y and z directlons, y (y,r)=h, ()= ih,(v4r)
respectively. Using spherical

vector wave functions, [4], with A=LR. The h, 1is a
[5]1, [7], and taking into ac- spherical Hankel function of
count (4), and (5), we obtain first kind of order n,

[2], A(x) = X hy(x) + M (X) ,

QU7 (r 190 = 2 B {LG,(vur) + L3, and Ry, with s=e, or
- (17) o (even or odd) are the
+il® (v} spherical functions [4], [5],
eln L
or L(spl)n (yLr) = Miﬁ)n (yLr) + N(sq)n (yLr) (20)
. © Ri—q)n (VRr) = M(sq.)n (er) N(sq)n (er)
Q;?:-; (I’ | ﬁR) = Z Bﬁ {Rfall)n(er) -

(18) where p=1,3, the M®

sin
—iRY (ver)3} N are known spherical vec-
tor function [7]. The scat-

tered electric field that
comes from a LCP incident

and

where, for r<r,

A_ 1 2n+1

A H,(yars) field or a RCP incident field
232k, (y,r,) n(n +1) has a similar expansion to
and (19) (17) or to (18)

E (r|p)=Q5% (r|p)+Q, (rip)=
= Z Brar {LY), (y.r) + il (v, } + D Braf {R (vqr) + iR (v.r)}
n=1

or

Ex (r1pg) = Qi (rPe) + Qi (r1Pg) +
- Z BFb: {L®) (22)

oln

(y.r) - 1L(§1’n(er)}+ZBRbR RS, (ver) — iRE) (ver) 3

Using the boundary condition (11) on r =a, we obtain [2],

MONDAY 18 NOVEMBER 2013 v2-11 FUNKTECHNIKPLUS # JOURNAL
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aL - _ jn (yLa) ,;’n (yRa) + ..Z.n (yLa) hn (yRa) (23)

’ h,(y.a) h,(yza) + h,(y,a) h,(y.a)

and

aR - _ jn (yLa) {-’n (yLa) — .z.n (yLa) hn (yLa) (24)

’ h,(y.a) h,(yza) + h,(y.a) h,(y:a)

or

bt = — jn (VRa) /zn (VRa) — .Z.n (VRa) hn (VRa) (25)

" h,(v.a) h,(vea) +h,(y.a)h,(y.a)

and

bR - _ jn (VRa) ?n (VLa) + .Z.n (VRa) hn (VLa) (26)

" h,(v.a) h,(vea) + h,(y,a) h,(v.a)

Using the asymptotic forms [4], [7],

L), (y.r) ~ \n(n + 2)(-1)" by (v.r) 5., (F) (27)
R (Vel) ~ /N + 1) (=1)" hy (yr) £, (F) (28)

where let us introduce LCP Beltrami angular f., (f), and RCP
Beltrami angular f£ (f) [4], satisfy by relations,

sln (r) - sln (r) + llen (r) 4 sln (r) - csln(r) llen(F) (29)

we calculate the electric far-field patterns [2],

z (2n +1)(-1)"" H,(y.h) ay {f,,(F) - if),,(F)} (30)

g, (FIP,) =
YoE 2an(n+ 1) hy(vur)
or

o @1p ) S @D H(Vel)
gA,rG (r | pR) - ; 2\/2n(n T 1) h@ (er)

{ eln(r) -1 oln(r)} (31)

FUNKTECHNIKPLUS # JOURNAL v2—-12 ISSUE 2 — YEAR 1
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A far-field inverse problem

So far, all of our formu- ai:_ilJer (v,a)’+ 0((y,a)®)
las are exact. In the asymp- 6
totic results to follow, . .1+ Bk s ,
there are three parameters |& =-1—/¢ (v.a)+ 0((y.a)")
y.a, with A=L,R and t=a/r, .
We note that the geometrical ya—>0 (34)

parameter T must satisfy

O<t<1 .because. the point . i(1 - Bk)

source 1is outside of the a, :_W

sphere. (1 +PBk)
We assume that |y,a <1, as R i1 -Bk)* 5 .

a =————=(y,a’+0(y,a
well; that is we make the so- ? 36(1 + Bk)° (v.a)"+0ly.ay)
called low-frequency assump-

tion. From (23), (24), (26), y,a—0 (35)
(27), we obtain [2],

(v.a)’+ 0((y,a)’)

or
L 1+ Bk 2n+1
a, ~ ;- —(v.a
2iZ2(2n + 1) . i(1+Bk) 2 5
- ” = T 20 - Bk (vea)" + O((y.a)’)
i 1 _ n+2
ak ~ - — 1yt i@+ Bk)*
2nZ? (1 + Bk L 2ot > !
ng, (1 + Bk) b; 36(1 — Bk)° (vea)” + O((y.a)")
y,a—0 (32)
yed — 0 (36)
or
R i(1-Bk) 3 5
poo_d @B [P e O
! 2nZ; (1 -Bk)"*F
by = - 18P yap oy,
R 1(1 - Bk) 2n+1
bf ~— 222@n + 1) (vVza) Va0 (37)
yea — 0 (33) 1n order to calculate g,
where with an error of o0((y,a)!) we

only need the following [4]

Z,=1-3-5---(2n - 1) = (2n)!/(2"n!) .
In particular,

MONDAY 18 NOVEMBER 2013 v2—13 FUNKTECHNIKPLUS # JOURNAL
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“ Sy 1/2
Cou(F) = % (cosp® — cos sinpg)  Cera() =(372)77 (40)

-(cos@ cosrpé —€0s26 sing @)

5 1 .
B = - — 9 e .
Oll(r) \/E (COS Sln(0 + (38) Belz(r) — (3/2)1/2 . (41)
+cosQ ) -(c0s26 cospl — cosh sing§)
Beua (F) = % (cosf sinp® -singd) B, (F) =(3/2)"*: (42)

1 R -(cos26 sinqoé + c0s6 cosp Q)
C...(F)=—= (- singp6 -
2 (39)  &,,() - (3/2)"".

_ G . . (43)
cosb cos ) ‘(- cosfsingp0 — cos26cos @)

So from (30) and (31), we finally obtain [2],

0%, 718, =, TP [ (008, + 0,180, 1+
+ (yaa) {21t fL, (F) + @, if, (F) ]+ = \/— T, (F) + 7,15, (F) 1} +
(44)
@A) + 0,18 0]+ 3 IR0 + 0,11+
+ 0(y,2)")
and
R R UM EERL NG
T I NG EEELANGIE
-0, 188 OB o) - 0,16 01) + (45)
+.art- v, S e ) - w6, (7)1 -
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5(1-w,Bk)

— Wy 12\/5 [ 12(!’) — W, if;, 12(r)]} + 0((VAa) )

-1, A=1L )
and if A=L,R at that case A°=R,L.

where wAz{ 1 AR
, A=

Now the scattering cross-section, by LCP or RCP spherical
Beltrami fields, from (16), is given by the relations [2],

o (B 19, 1ds(F) =

o (1) v

1
o= | vl
2 Y

S

- (raty (B 16 1o (y 088 ¢ < 16+ (v, (B + 28 7] +

51 - Bk)’

L @Bk
16(1 + Bk)°

%) +
1 + Bk)?

[ T+ (v.a)(31°+

5(1 - Bk)

9(1+Bk)2 T4)]}+0((VLa)6)I V,_a—)e (46)

+(v.a)'(3 +

or

o5 = j [y

S

. (P 1Be)[ 1 ds(F) =

(1- Bk) [16

= (ma?) F— L T +167°) + (v,a) (& + 2 1) 1+

T+ (vRa)z(%
(1 + BK)*

N , 5@ +BK)°
(1 - Bk)?

[ '+ (y.a)’ (317 + 16(1 - BK) °) +
5(1 + BK)

9(1 - Bk)? )13} + 0((v:a)°), yea— 0 (47)

+ (vea)'(3 +

In the special case r,—»>«o (T—>0), by the relations (46),
(47) we obtain [2],

3(1 - BK)*
(1 +Bk)

A+ Bk)

= (ma*){ }v.a)'+o(y.a)°), ya—o (48)
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or

3(1 + Bk)*
1 - Bk)?

A - Bk)

= (na’){

likewise in the case y,a—>0 and y,a—>0,

(46), (47) we obtain [2],

Oar =7 f (B, k) (na*) (a/ry)"

@-

N.M. BERKETIS

}(vea)* + 0((y2a)°), Yea — 0 (49)

by the relations

(50)

@,BK)” | 3( + @,Bk)*

where A=L, R, with f,(B, k)=

Choose a Cartesian coordi-
nate system Oxyz, and five
point-source locations, name-
ly (e,0,0), (1,0,0), (0,1,0)
(0,0,1) and (0,0,21), which
are at (unknown) distances
ryy hh, r,, , and r,, respec-
tively from the sphere’s cen-

ter. The parameter 1 1is a
chosen fixed length. For each
location, measure the leading
order term in the low-
frequency expansion of the
scattering cross-section.

Thus, our five measure-
ments are [2],

1
m, =5 B, yma’ (2

3 1 - @,Bk)’ (51)

21 l._L
f(B,k)n a a (53)

j:0111213l4
equivalently, we obtain [2],

2

2 _1
£ 2
j=0,

B, k& y g
A(B k)T STy (54)

1,2, 3,4

There are six unknowns
namely r,, r,, r,, r;, I, and a.
Furthermore, r,, r, and r, are
related using the cosine
rule, r?+r2=2r7+21>. So, we
can find the six unknowns.

The center of the spherical
scatterer 1s obtained from

52

) (52) the intersection of the four
J=6,1,2,34 spheres centers at (0,0,0)
_ _ . (1,0,0), (0,1,0) and (0,0,1),
Dimensionless  quantities itp corresponding radius r,,

related to m; are .

r,, r,, r, respectively.
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